
Some observations on the Column-Row game
Ina Bašić

89181003@student.upr.si

UP FAMNIT

Koper, Slovenia

Eric Gottlieb

gottlieb@rhodes.edu

Rhodes College

Memphis, Tennessee, U.S.A.

Matjaž Krnc

matjaz.krnc@upr.si

UP FAMNIT

Koper, Slovenia

ABSTRACT
In this paper we study a new combinatorial game played on Young

diagrams, called Column-Row. We devise a dynamic-programming

algorithm for computing winning positions, or, more generally,

Sprague-Grundy values. In turn, we identify winning strategies for

several infinite families of starting positions. We prove those results

formally, and conclude with a conjecture arising from this work.
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1 INTRODUCTION
Combinatorial game theory is a large and growing field that in-

cludes in its scope a wide range of game types, generally focusing

on two-player games in which both players have perfect infor-

mation and there are no moves of chance. The main question in

combinatorial game theory is, given some position and optimal play,

which player has a winning strategy? Sprague [9] and Grundy [6]

introduced a method of quantifying game positions for normal play

impartial games. These Sprague-Grundy values are a generalization

of winning and losing positions. Furthermore, the Sprague-Grundy

values are instrumental in the theory of disjunctive sums of im-

partial games; see [1, 3, 6, 8–10]. This is why recent research on

impartial games is predominantly focused on the Sprague-Grundy

values rather than on winning/losing positions. A more detailed

introduction to combinatorial game theory, including impartial

games, can be found in [2, 3, 8].

In this paper we study winning/losing positions (and more gen-

erally, Sprague-Grundy values), of a new game called Column-Row.
We proceed with some preliminary definitions concerning parti-

tions, and Young diagrams. In Section 2, we describe the game and

the methods used to verify the results, which we proceed to present

in Sections 3 to 5. Each of these sections presents the Sprague-

Grundy values of the Column-Row game on a given partition family.
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We conclude the paper by describing some open problems and

discussing their difficulty.

1.1 Preliminaries
We begin by defining some important concepts. A winning position,
N -position, is a state in which the next player can guarantee a win.

A losing position, P-position, is a state from which the previous

player can guarantee a win. Let 𝑆 be a set of integers. Thenminimal
excluded value of 𝑆 , denoted bymex(𝑆), is the smallest integerwhich

is not in 𝑆 . Let 𝐺 be a short impartial combinatorial game under

normal play. We say 𝐺 is a subposition of 𝐺 if it can be obtained

as a result of a single move from 𝐺 . Let 𝐺 have 𝑘 subpositions,

𝐺1, . . . ,𝐺𝑘 . Then, we calculate the Sprague-Grundy value 𝑥 of 𝐺

recursively as mex({𝑥1, . . . , 𝑥𝑘 }), where 𝑥𝑖 represents the Sprague-
Grundy value of 𝐺𝑖 , and write 𝑆𝐺 (𝐺) = 𝑥 . The Sprague-Grundy

value of an empty partition is mex(∅) = 0. This definition allows

for computing Sprague-Grundy values recursively and represents

an essential part of an algorithm presented in Section 2. A Young

Figure 1: A Young diagram _ and its conjugate _′.

Diagram is a diagram representing a partition _ of a non-negative

integer 𝑛, 𝑛 = 𝑥1 + · · · + 𝑥𝑘 where 𝑥1 ≥ · · · ≥ 𝑥𝑘 ≥ 0 is a sequence

of non-decreasing integers, as a left-justified array of boxes, such

that row 𝑖 has 𝑥𝑖 boxes. We write _ = (𝑥1, . . . , 𝑥𝑘 ). We make no

distinction between a partition _ and its Young diagram. The only

partition of 0 is the empty sum, denoted by ∅. The conjugate, _′ of _
is a partition _′ = (𝑥 ′

1
, . . . , 𝑥 ′𝑥1 ) where 𝑥

′
𝑖
is the largest integer such

that 𝑥𝑥 ′
𝑖
≥ 𝑖 . An example of a Young diagram and its corresponding

conjugate can be found on Fig. 1. A subpartition _[𝑖, 𝑗] of _ rooted

at the box (𝑖, 𝑗) is a partition (𝑥𝑖 − 𝑗, 𝑥𝑖+1 − 𝑗, . . . , 𝑥1 − 𝑗), as
shown in Fig. 2. We proceed to define families of partitions. All

partition parameters are strictly positive. A rectangle partition 𝑅𝑎,𝑏
is a partition of the form (𝑏𝑎), with 𝑎 rows and𝑏 columns. A gamma
partition Γ𝑎,𝑏 is a partition of the form (𝑏, 1𝑎−1), with 𝑎 rows and 𝑏

columns, such that the first row has 𝑏 boxes and every subsequent

row consists of only one box. An almost gamma partition Γ1,𝑑
𝑎,𝑏

, is
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Figure 2: A subpartition _[2, 2] (in blue) of a Young diagram
_.

a gamma partition such that column 0 is repeated 𝑑 − 1 times. A

staircase partition 𝑆𝑛 is a partition of the form (𝑛, 𝑛 − 1, . . . , 1). A
quadrated partition is a partition of 𝑛 of the form (𝑥𝑚1

1
, . . . , 𝑥

𝑚𝑘

𝑘
)

where 𝑥𝑡 appears𝑚𝑡 times, such that

∑𝑘
𝑡=1 𝑥𝑡 ·𝑚𝑡 = 𝑛 and all 𝑥𝑡 ,𝑚𝑡

are even. The examples of those partitions can be found on Fig. 3.

For the family of rectangles, the allowable moves correspond to

Figure 3: A staircase parition - 𝑆5, rectangle parititon - 𝑅4,2,
gamma parition - Γ5,3, almost gamma parition - Γ1,3

5,4
, and a

quadrated partition with 𝑛 = 12.

a simplified variant of the Column-Row game called LCTR (see

[4, 5, 7]). In particular, the results by Gottlieb et. al [5] imply the

following results for the Column-Row game.

Lemma 1.1. For positive integers 𝑎 and 𝑏, we have

𝑆𝐺 (𝑅𝑎,𝑏 ) =


0 if 𝑏 > 1 and 𝑎 > 1 and 𝑎 + 𝑏 is even
2 if 𝑏 ≤ 2 or 𝑎 ≤ 2 and 𝑎 + 𝑏 is odd
1 otherwise.

Lemma 1.2 (LCTR [5]). Let _ be a partition. Then we have
(1) _′[𝑖, 𝑗] = _[ 𝑗, 𝑖] ′ and
(2) 𝑆𝐺 (_′) = 𝑆𝐺 (_).

2 THE COLUMN-ROW GAME
Column-Row game (CR for short) is an impartial, combinatorial

game played on a Young Diagram. A move in CR consists of remov-

ing any single row or any single column from the diagram. We do

not make the distinction between the CR game and the correspond-

ing Young diagram, thus the notations CR(_) and _ are equivalent.

We denote the row and columnmoves as 𝑖𝑟 and 𝑗𝑐 , where 𝑖 and 𝑗 are

the indices of the row and column which we remove from the dia-

gram, respectively, and write _
𝑖𝑟−−−→ _̃ for a row move and _

𝑗𝑐−−−→ _̃

for a column move. Refer to Fig. 4 for a visual representation of the

moves of CR.

Figure 4: An example of both types of moves.

2.1 Verifying Sprague-Grundy values by aid of
computer

As a consequence of the definition of Sprague-Grundy value of

a game, we can use a computer to verify the results. By utilizing

dynamic programming approach to store the Sprague-Grundy val-

ues of subpositions, this can be done efficiently. We outline our

approach in Algorithm 1.

1 Function SG (_,D)
Input: Partition _, dictionary D.

Output: SG value of the game CR played on _.

2 if _ ∉ D then
3 M ← ∅;
4 for 𝑖-th column of _ do

5 let _
𝑖𝑐−−−→ _̃ and add 𝑆𝐺 (_̃,D) toM;

6 for 𝑗-th row of _ do

7 let _
𝑖𝑟−−−→ _̃ and add 𝑆𝐺 (_̃,D) toM;

8 D[_] ← mex(M);
9 return D[_];
Algorithm 1: An outline of the code which computes the

Sprague-Grundy value SG(_), for any input partition _. In

the code,D is assumed to be a dictionary of partitions as keys,

stored together with the corresponding Sprague-Grundy val-

ues. D is initially empty.

Algorithm 1 is particularly useful for identifying (most of the

times infinite) patterns of winning positions. As we will see in the

subsequent sections, those patterns are then proved formally, or

posed as an open conjecture. Without the aid of such an algorithm,

computing Sprague-Grundy values would involve exhaustive case-

analysis even for a single starting position.

3 SPRAGUE-GRUNDY VALUES OF
COLUMN-ROW GAME ON A QUADRATED
PARTITION

In this section, we present a solution to the Column-Row game
on a family of quadrated partitions in terms of traditional N/P-
positions.

Lemma 3.1. Let 𝑄 = (𝑥𝑚1

1
, . . . , 𝑥

𝑚𝑘

𝑘
) be quadrated, and let 𝐺 be a

subposition of 𝑄 . Then
(1) 𝐺 is not quadrated.
(2) There exists a quadrated subposition of 𝐺 .
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(3) 𝐺 is an N -position, 𝑄 is a P-position.

Proof. As a consequence of Lemma 1.2, it is enough to consider

only the row moves of 𝑄 . Suppose 𝐺 is obtained by 𝑄
𝑖𝑟−−−→ 𝐺

for some 𝑖 . We show each item in turn. Item 1 and Item 2 are an

immediate consequence of the properties of quadrated partitions,

while Item 3 is shown by induction.

(1) Removing a row reduces the number of occurrences𝑚𝑡 of

some 𝑥𝑡 in 𝐺 . Since 𝑄 is quadrated,𝑚𝑡 − 1 is odd 𝐺 cannot

be quadrated.

(2) Suppose 𝑖 is odd and consider the move 𝐺
(𝑖−1)𝑟−−−−−−→ 𝑄 . It is

easy to see that 𝑄 is quadrated. Similarly, suppose 𝑖 is even.

Then the move 𝐺
(𝑖+1)𝑟−−−−−−→ 𝑄 gives us the desired quadrated

subposition of 𝐺 .

(3) We proceed by induction on 𝑛. For the base case, we con-

sider 𝑛 = 0. Notice that the only such partition is ∅, which is

quadrated and trivially a P-position. Let 𝑄 be a quadrated

partition of 𝑛, let𝐺 be its subposition, and assume the claim

holds for any quadrated partition of 𝑘 for 𝑘 < 𝑛. By Item 1,

𝐺 is not quadrated, and, by Item 2, it has a quadrated subpo-

sition 𝑄 , a partition of 𝑘 < 𝑛. By the induction hypothesis,

𝑄 is a P-position, and therefore 𝐺 is an N -position. Conse-

quently, since every subposition of 𝑄 is an N -position, 𝑄 is

a P-position.
□

4 SPRAGUE-GRUNDY VALUES OF
COLUMN-ROW GAME ON A GAMMA
PARTITION

Recall that a gamma partition Γ𝑎,𝑏 is a partition of the form (𝑏, 1𝑎−1),
with 𝑎 rows and 𝑏 columns, such that the first row has 𝑏 boxes and

every subsequent row consists of only one box. In this section we

resolve the Sprague-Grundy values of Column-Row game on any

gamma partition.

Theorem 4.1. The Sprague-Grundy value of a gamma partition
Γ𝑎,𝑏 is given by:

𝑆𝐺 (Γ𝑎,𝑏 ) =


(𝑎 + 𝑏) mod 2 + 1 if min(𝑎, 𝑏) = 1

0 if 𝑎 and 𝑏 have the same parity
3 otherwise.

Proof. We proceed by induction on 𝑎 + 𝑏. Given Γ𝑎,𝑏 , we have
four possible types of moves and thus, four possibly distinct subpo-

sitions 𝐺1, . . . ,𝐺4:

𝐺1: Γ𝑎,𝑏
0𝑟−−−→ Γ𝑎−1,1,

𝐺2: Γ𝑎,𝑏
0𝑐−−−→ Γ

1,𝑏−1,

𝐺3: Γ𝑎,𝑏
𝑗𝑐 , 𝑗>0−−−−−−−→ Γ𝑎,𝑏−1,

𝐺4: Γ𝑎,𝑏
𝑖𝑟 , 𝑖>0−−−−−−−→ Γ𝑎−1,𝑏 .

Notice that 𝐺3 and 𝐺4 are uniquely defined. For the base case we

consider Γ𝑎,𝑏 such that 𝑎 + 𝑏 ≤ 4. We have two possibilities for 𝑎

and 𝑏, namely, either min(𝑎, 𝑏) = 1 or 𝑎 = 𝑏 = 2. In the former case,

the Sprague-Grundy values for Γ1,3 and Γ3,1 are given directly by

Lemma 1, since min(𝑎, 𝑏) = 1, thus we have

𝑆𝐺 (Γ1,3) = 𝑆𝐺 (Γ3,1) = 1 = (3 + 1) mod 2 + 1.

In the latter case, removing the first row or the first column results

in Γ1,1, while the other two moves result in subpositions Γ2,1 and
Γ1,2 respectively. In both cases, min(𝑎, 𝑏) = 1, hence

𝑆𝐺 (Γ1,1) = 1,

while

𝑆𝐺 (Γ2,1) = 𝑆𝐺 (Γ1,2) = 2.

Then, the Sprague-Grundy value of Γ2,2 is given by

𝑆𝐺 (Γ2,2) = mex{1, 2} = 0,

thus the claim holds. Assume now, that the claim holds for Γ𝑎,𝑏 such

that 𝑎 +𝑏 < 𝑘 , with 𝑘 > 4 and consider Γ𝑎,𝑏 such that 𝑎 +𝑏 = 𝑘 . We

consider the cases where 𝑎 and 𝑏 are of the same and distinct parity

separately. Firstly, let 𝑎 and 𝑏 have the same parity, and consider

the subpositions

𝐺1 = Γ𝑎−1,1 𝐺2 = Γ
1,𝑏−1 𝐺3 = Γ𝑎,𝑏−1 𝐺4 = Γ𝑎−1,𝑏 .

We notice that 𝐺1 and 𝐺2 have the same Sprague-Grundy value. In

particular, because 𝑎 and 𝑏 have the same parity and min(𝑎, 𝑏) = 1,

𝑆𝐺 (Γ𝑎−1,1) = 𝑆𝐺 (Γ
1,𝑏−1)

= ((𝑎 − 1) + 1) mod 2 + 1
= (1 + (𝑏 − 1)) mod 2 + 1,

that is, the value is 2 if 𝑎 and𝑏 are even and 1 otherwise. Similarly,

since both𝐺3 and𝐺4 have parameters of distinct parity whose sum

is strictly smaller than 𝑘 , by the induction hypothesis we have

𝑆𝐺 (Γ𝑎,𝑏−1) = 𝑆𝐺 (Γ𝑎−1,𝑏 ) = 3.

Then, the Sprague-Grundy value of Γ𝑎,𝑏 where 𝑎 and 𝑏 are of the

same parity is eithermex{2, 3} = 0, if both are even, ormex{1, 3} =
0 if they are odd. Finally, let 𝑎 and 𝑏 be of distinct parity. Conse-

quently, as the parities of 𝑎 − 1 and 𝑏 − 1 are distinct as well, the
Sprague-Grundy values of 𝐺1 and 𝐺2 cannot be equal, and as they

are given by ((𝑎 − 1) + 1) mod 2 + 1 and (1 + (𝑏 − 1)) mod 2 + 1,
respectively, we are able to reach both a position with Sprague-

Grundy value of 2, and a position with Sprague-Grundy value of 1,

depending on whether 𝑎 or 𝑏 is odd. As for𝐺3 and𝐺4, since both 𝑎

and 𝑏 − 1 as well as 𝑎 − 1 and 𝑏 have the same parity, the induction

hypothesis gives us

𝑆𝐺 (Γ𝑎−1,𝑏 ) = 𝑆𝐺 (Γ𝑎,𝑏−1) = 0.

Thus, the Sprague-Grundy value of Γ𝑎,𝑏 where 𝑎 and𝑏 are of distinct

parity is therefore

𝑆𝐺 (Γ𝑎,𝑏 ) = mex{0, 1, 2} = 3,

as desired. □

5 ALMOST-GAMMA
Recall an almost gamma partition is a partition of form (𝑏, 𝑑𝑎−1).
An example of such a partition Γ1,3

5,4
is shown on Fig. 3. The Sprague-

Grundy values of any almost gamma partition is given by the fol-

lowing theorem:
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Theorem 5.1. Let Γ1,𝑑
𝑎,𝑏

be an almost-gamma partition, such that
𝑎 ≥ 4, 𝑏 ≥ 3, 𝑑 ≥ 3 and 𝑑 ≤ 𝑏. Then

𝑆𝐺 (Γ1,𝑑
𝑎,𝑏
) =


𝑎 + 𝑏 (mod 2) if 𝑏 and 𝑑 have the same party;
2 if 𝑎 and 𝑏 have the same parity

distinct from 𝑑 ;
3 otherwise.

6 CONCLUSION
While analyzing and verifying Sprague-Grundy values for certain

partition families is significantly easier with the aid of dynamic

programming, doing so in general is far from trivial. In particu-

lar, depending on the structure of the partition and the resulting

subpositions, the problem could pose a significant computational

challenge. Such is the case with the staircase partition defined in

Section 1. The following conjecture is given by running Algorithm 1

on 𝑆𝑛 for 𝑛 ∈ 1, · · · 16

Conjecture 1. Let 𝑆𝑛 be a straircase partition. Then

𝑆𝐺 (𝑆𝑛) =


0 if 𝑛 is even
1 if 𝑛 = 5

2 otherwise.

In general, solving a game, like LCTR, see [5, 7] on a staircase

partition is, computationally, a relatively easy task. However, when

it comes to the Column-Row, each staircase partition 𝑆𝑛 has exactly

𝑛 subpositions. Only one of these subpositions is a staircase par-

tition. This significantly limits the usefulness of the algorithm as

the remaining 𝑛 − 1 positions will have to be calculated with every

increase of 𝑛.
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